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1) (Be,nne‘tt'/s ﬂv\e.qp(o.bb\j) Let X oo XN be indupendant vondem
varuables and |\<;— [E)(i\ <K ¥t. TJher show -Lhat
N
. exp [ — T [ KP 0
F(L'Z:l(x‘_EX‘) >,|3) < \°( KLk(o")) ¥ gz

wheow oL = %I N (Xi)  amd /z\(%) = (‘l-\-u)ln% Ll-ﬂl} =

n<l ‘ﬁ(u) * U and

Note thot n e small derviation Tegime
Lhue E gives we o G decay . leaou'm in the Large deviabion Yegime
'f\(u.} Y zlu_botau. ) 4.«7'?\-!(‘.'4 ﬂ’i"‘“ a A& bDwY\cL QY\ ﬁ-‘qt
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L Xy be imdependamt A rvomdem

Saud w2
Aewvse , b O ozna-bsq(e—ua £ Bewnstein's

2, (_K‘r\inl'dr\.ine.'/, gnectuo-U-&J) Lt e, .-
varsobles 10tk meamn Tero and vardomee on

L,{— 9'_.= (_01,0\7_,--, O-N)t E‘[P\N . ‘JL\,LH l;)wve ;eJnGvQ. ’6-0'? @Qzuj J>(: [:2;"0);

e \qauue

|
/s
hall, < E[@;,?Sf] T < CKAF Nz,
't,J‘F\,QAL C >0 1is am oahssldE Cometont , cod K = man |lX”-‘b’-

P=1 omd pe (L2). For wore datecls,

t”u.a dos Aae vewions ‘6—orr
See \/mivdhlﬂlé boo ..



P‘ro Llems A

van Homdel's HDP: Ty otk problem 3.3 | very mebudive . It demonoratia

Sholl  vorionnce ];)v..o-xg could be va.o'i'ﬂ_cj incorvect. We'll
Lokt  see -wwa(.g g .S'r\an}:m s u,ofn% B En—'buobj Mebhod .

Also -!)—Vﬁ ‘)J‘UDLlQ-W\S -38,39. A Hilbod S,;qu. S an 1nnen b’wﬂb—loe' Apoc

whow he induced  meluic s comblelz. You may replace © Hilbert Space’
by R" Hor anbibasyy NeN for £heo Pmble.m.

1. ( Pecolokion) 0 Let G = (VE) be a Locoldy- ginite ( ie, each Logras
ts finibe ) indinibe graph on a countalle vodex 4ct . For ve Vv,
££ N(n) be the mumbed of Apb{)—avo{auna potha Al:a}c.b'ﬂé freom v
We define the conneckive constant of G as
k(o) = 4 | Bomos Ncm"")

'\}Ev m—=x

Show Hot  d s k(Z) < 2d-1. Again, ip G har mamimum
GEE?/LVJ— A, show #het K(G) £ A=-1L . Can the cq}»ta,Q_iLa be azchc'eud_?

i) Considin G oo above with k(S)<w. Lk G() be Lhe Tandom
grabh obtained by delebing edges in € independeny with prolabilts
(1-p). Lt C, dancte Bhe connecked componemt b ve V. Them
show  that  Rer  p < KT,

[P(\Cv1:‘°°)=’0

Hint:  Notr Rhat (F(\Qﬂ: oo) = Lim P (3 o self-avoicbng bath o Lﬂ_nath 'h)

N3 e S{a.rt{-inﬂ at v
omd  wee Q).



2. ((Goltom \Wotson e )

Z.8 E Lbe o N,-valued vYandom ~varicble
with o bmf U"lean'

L Pp=EE and o= Var(E),

We gonmale o Tamdsm tree ao  fellsess:

Lk Xt g for Lt =0 We start from Lhe oot f wrhich has
Xo,p childiem. In fhic firt gemevation | phe (" child proceeds 5

have Xy childeon . This procoss continues & give wo bhe vandem Hre.

9 baschicudar, 4 (Zﬁ)t demoteo fhe nmber of childxen in £ha t* generation,
L

bhem Z, =1 omd Zt = Z Xi,t . We are intexeoted in obSer_vina

whethen  Bhe b}wc.ug Awtvives -Fwe.vv:lov dieo sk ot a ’ﬁiwlta. time..

:l,) lLs'mg —é.{}ut amd Aewond momemt melfods | show Lhakt

S p<t

R

\-F(Ex-\-inc‘\'\o'r\) = Lm (P(Zn :o) =
Cp >0 1 op>1

h) We cam vas-t)'r'm & wore inbucole whal,w u.ot'-ng the Wq%in?
'-ﬁU/nc,":l'Uh wethod . To aweid Buvialibes , & b >0, Potp < L.

CL) Considae  Bhe i:robats'\u‘t'j c&,wnera{'inﬁ -Eunr_l-iﬁ-n o E - f(s) = E[bg] = Zo)skh( )
Show £hat ]’gf of Z, s fofo---of (n times ) , whare

t

° inda cokeo C-D‘mha.sil'l'ion. [H-'m,[: v Condidion a‘,#,w!,}mtg_i:’ ]
l:)) Nol:'ma ok f s S'.Q)-..&c.’\fﬂ convex , show Bhat
1 ¥ psi

IP(EMHO,,): Um  (fofo- o f)(0) = |

- o .
" £ }J-?"l

n Hmes Cp

where 0<c <l e Bhe smallest Yoot of Phe equatom &)=z,

"u) Prove  tha My = i: w a mqkkﬂamb,amd n ban-]-!wln.h M,—H, as
Show -Lhal IP(H«::'O) = 1 or Cu



3. Let GU\,\:) be fhe Erdis Rengi %ag,,,h o b t,z l'n' ;, X € (0.2) and
n donge . Aok T(vP) = Noof isclalid vedics in &(1p). Show
ok

Y

I(n,\p\ as- e__,)\

vl

Note Hhat trhw s a SLLN tybe vesult — the e\m}:(rical, owerage No. of
isolated voikices Convergeo 5 B Prokala'nl;ﬂj bhalt o verxtex dc isolated.
Jhe 2vents howevex are mob fnbbmmt )

(S\«ow cowergence in \ambaloiu% and  Bhem woe B.C. Lemma -\-o)

eatend b s Convergence a.s. .

4 (Ram&m Geownelbivic Graphs) Lk A = [_o,t]?_ amd difine Bhe torroidod
mebuc on X by
A(ny) = min{|x-gre| - = e 22}
Lt Y- %, be chosen war from X . Consluut a gxalh
G with V(&)= {1,2,.“,11} and
E(6) = {{c,j} \ lxrles*n},
wheve B oribcl radiae v, € (0,%) s chosen so £hak
(n-1)mr2 = X € (0,00) Fixed.
Such graphs, consbucked ook ff bhe umdinlying mebue shiuclive of
o given Space, ot colled Ramdom Geomedric Graphs (RGGs).

O.) Show  that dﬁl&(f.) _d.)' Poll(")\) as n —>ULo.

b) ffz{) T, be e wno o isolaked ~venbicesr , Zhem h'1In-3::>e:"\.

A, (Polﬂald Uvn M.o»Lr.L) One gream omd one ved ball oxe placed v om wo:n
at t=0. At all aubsecuent Rimer , a boll
is Dreaen grom  Bhe  wwn, but back, amd oamothen bafl «f the
Same colewr s added L phy win. Thio procm in combnued forever.

o) Lok Gﬁ be Rhe mo.df groem bobls ot ime 1. Show hat
P(Gt=m+1> = !

£+




LL) Show hob M, = G is a mmartingole . Thuwo , M 25 Meo .
& L+2 ¢ :
Find B '&Whha is Bebution Moo .

6. (,Pmao‘alrion om M) Considin o d- 'rf_z,.,.l_o.nbh.z _G
for & 3. We d’-toignmb.

each 6_47,0_ o, the btrea T, b be open wp }a

6md  dosed W) (_T'I:) for some P E [o,1].
N hia %i.vus w a Toamdem L —“_d ol e&_?.:s colouned

ertocmj o L(ngl’. Lot P deno¥e ke oot ob —"; and CP 2he
CDY\hQCJ‘DEA, (‘_D‘W'\Pd?\.l/r\'b O'L F _.ﬁ,ﬂ;wng,cl d'nL.J La K‘JEA\ e&a’a ( C.d-ﬁ?@d ﬁﬂ.c
open dusten of P .

a) Dewve a }oolﬂhomiﬁ-@. equation for O ()= ]Pb(lCP\=+M) u.sina Hhe
Sa(vnme’;«d Gf ﬂu_ ,U_U _";
=0 1‘r‘ ‘9 < —-J.I_—i'

. I
>
>0 1.F b T

b)  Show Lhak 9@:{

(& R -e.nbl?_iclf characterisoton o‘g BCF) -Fo-r d;e Ce.1) . Nee Q2
dor his . For d=3, Gwpuli O(p) explicilty.

¢) €Show Hhat () =0 :Fow— p< £ —B-ollbws pom Q1 as well.

) (Eth) Shew Zhot 9(,}5) is  momnotomic -6»1 pefo.1].

1 The Bouwohold b = 74
Hhe evibical tsvo'balvfbl%
'ﬂ-ov \:mc.a[o.'l'l-o'f\.
1 : ?
}:":-41—-1

i o it pee
She Shet T, has an infinite o Must = )
=) S (T has on i chr ot ) =



